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Suppose  that  wa  have  a  certain  number  of  machines,  not 
all  of  the  same’  capability,  with  which  to  do  a  certain  number 
of  taaka.  not  all  of  the  same  difficulty.  On  the  assumption 
that  It  la  better  to  use  a  more  capable  loachine  for  a  more 
difficult  taakf  an  algorithm  is  given  for  the  most  efficient 
assignment  of  machines  to  tasks.  It  is  showr>  that  the 
algorithm  solves  an  equivalent  linear  programsilng  problem. 
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A  FEASIBILITY  ALOORITHU  FOR  OKS-WAY  r»"B3TITtJTI0N  IN 

PROCESS  ANALYSIS* 


1 ,  INTRODUCTION 

We  auppose,  as  la  done  in  some  simple  forns  of  process 
analysis  (see  Refs.  I  and  2),  that  we  have  a  certain  number 
of  machines  of  m  different  types  with  which  to  do  a  certain 
number  of  tasks  of  n  different  types.  Each  machlxie  is  capable 
of  performing  tasks  of  one  or  more  types,  and  conversely  each 
task  can  be  done  by  machines  of  one  or  more  types.  We  further 
assuBie  that  the  machines  can  be  numbered  }.n  decreasir^g  order 
of  capability,  eo  that  any  machine  can  perform  any  task  that 
can  be  performed  by  a  later  machine;  similarly,  it  is  assumed 
tnat  the  tasks  can  be  numbered  in  decreasing  order  of  difficulty, 
so  that,  if  a  given  task  can  be  perfonaed  by  a  given  machine, 
all  later  tasks  can  be  performed  by  that  machine.  Finally,  we 
assume  that,  in  a  certain  sense,  it  is  more  efficient  to  do  a 
task  by  a  machine  that  is  as  close  as  possible  to  being  the 
first  rriachlne  in  the  series.  That  is,  if  task  1  is  more 
difficult  than  task  2,  then  it  is  better  to  use  a  more  capable 
machine  to  do  task  1  (if  the  machine  is  capable  of  performing 
task  1)  and  use  a  less  capable  machine  to  do  task  2. 

Suppose  we  are  given  a  certain  amount  of  work  of  each 
type  to  do  and  a  certain  quantity  of  machines  of  each  type. 

We  ars  indebted  to  Harry  Markowitz  for  cooperation  in 
conjecturing  the  algorithm  dlscusaed  here. 
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tfe  %l8h  to  teat  whether  or  not  the  ^Iven  taalc  progrera  Is 
feasible . 

2.  THB  ALQORITHM 

Tl;e  following  algorithm  la  pi'opoaed:  First,  use  the 
most  capable  machine  for  the  most  difficult  task.  If  '.he 
whole  desired  quantity  of  the  task  can  be  done  by  the  available 
quantity  of  this  siachlne,  apply  the  left-over  amount  of  the 
moat  capable  machine  to  the  next  most  difficult  task.  Continue 
until  the  stock  of  machines  of  the  most  capable  t>7>e  is 
exhausted  and  then  continue  with  machines  of  the  second  most 
capable  type.  This  process  is  continued  either  until  all  the 
machine  stocka  capable  of  performing  a  certain  task  have  been 
exhauated  and  some  of  this  task  remains.  In  wtilch  case  the 
task  program  is  infeasible,  or  until  all  the  tasks  have  been 
assigned  without  using  more  of  any  machine  than  Is  available, 
in  which  case  the  program  is  feasible. 

The  second  stataaent  is  obvious;  tne  difficult  point  Is 
to  prove  the  criterion  for  infeaslbllity,  since  it  might  seem 
at  first  glance  that  other  assignments  of  machines  to  tasks 
than  the  one  conslderwd  mlgl>t  show  a  program  to  be  feaslb.le 
when  the  method  of  assigning  the  most  difficult  tasks  to  tne 
most  capable  machines  would  not  indicate  this.  In  fact  —  as 
we  shall  see  —  under  the  asausq^tions  made,  this  possibility 
cannot  arise.  Moreover, > the  algorithm  will  be  shown  to  solve 
an  equivalent  linear  progz*assRing  problem. 
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Let  be  the  amount  oT  task  J  performed  by  a  unit  Input 
of  machine  1.  The  orderln^r  of  machines  and  taaks  by  capability 
and  difficulty,  respectively,  can  be  expressed  as  follows; 


(1) 

If  a.  .  >0  and  l •  <  1, 

J 

then  aj^.j  >  Oj 

1  (2) 

If  a  ,  >0  and  J'  >  J, 

then  J  ,  >  0. 

I  We  are  Airther  assuming  that  if  1  <  1'  and  J  <  J',  and  If 

i 

MChlne  1'  Is  capable  ot  bjuidllng  task  J  at  all,  then  It  Is 

! 

'  better  to  devote  machine  1  to  taek  J  suvl  use  the  amount  of 
^  raleased  stock  of  machine  i*  for  task  J*.  That  is,  the  output 
of  task  j*  for  a  unit  Input  of  machine  1  is  leas  than  the 

output  achievable  by  devoting  the  unit  of  machine  1  to  task  J 

0 

and  applying  the  amount  of  machine  1*  that  would  have  been 

needed  to  perform  tne  same  amount  of  task  J  to  the  performance 
i 

j  of  task  J'.  By  definition.  It  requires  units  of 

^  machine  1*  to  perform  the  same  amount  of  taek  J  as  one  unit 

j  of  machine  1;  hence,  the  assumption  can  be  expressed  as  follows: 
i 

?  (3)  if  1  <  1» ,  J  <  J',  and  a  >  0,  then 

1 

j  *1J'  ^  ^*1J'^®1' J^*l' J' *  ^  ^®1' J'/®1» 

^  since  by  (1)  tne  Inequality  ^  0  Implies  >  0. 

Let 


I 


the  number  of  unite  of  the  1— th  type  machine 


r-9^1 


(l  ■  li  2(  ••••  m) , 

the  number  of  unite  of  the  J-th  type  task  to  be 

perfoneed  (J  «  1,  2,  n)« 

the  Qumber  of  unite  of  the  i— th  type  siachinc 

aaeigned  to  the  J-th  type  task* 

(x. .)  •  the  set  of  x. ,'b  defined  according  to 

1  j  r  *  J 

the  algorithm  described  in  the  Introduction  wt^en 
applied  to  the  first  r  tasks. 


Thus 

*11  " 

oln 

("i' 

If 

*11  “ 

then 

x^j  -  0  for  J 

^1  ‘ 

min 

("2* 

If 

*11  " 

*11 

,  then  "  0  for 

• 

*12  " 

min 

.h.  W 

*11  ’  *12/  ’ 

and 

so  on. 

>  1,  and 


i  >  1,  and 


4.  THEOfiai  AKD  PROOF 

We  shall  establish  the  following  result. 


Theorem.  If  any  allocation  procedure  satisfiee  a  given 
prograai  of  machines  and  tasks,  then  ti\e  algorithm  does  also. 


F-9^1 

9-12-57 


hnd  in  addition  It  maxlaizes  the  amount  of  work  done  on  thp 

% 

last  task  type  while  meeting  the  other  task  rtgulxmente. 


We  present  a  proof  by  induction 
Let  be  the  set  of 


(M 

*1J  ^  0' 

n 

(5) 

J-1  ^ 

n 

(^) 

*8  satisfying  the  conditions 


( i  "  1 »  • • • »  ®) * 

(j  ™  1#  •••»  r). 


Wc  are  seeking  to  prove  that  If  F^  is  nonnull,  then  it 
contairts  X^. 


Let  linear  progranaing  problem  of  maximizing 


(7) 


TT  - 


i  *x  ' 


among  the  elements  of  P^,  —  that  is,  maximizing  the  work  done 
orf  the  (r  +  1)— St  type  task  while  aatisfying  the  requirements 
on  the  tasks  of  the  first  r  types.  We  want  to  prove  the 
following  two  statements: 


(B) 

if 

X^  belongs  to  F^, 

then 

Xr.l  ^r+r 

(9) 

if 

^r-l 

then 

11.  belon«;8  to 

The  two  statements  together  Imply  that  X  belon^^s  to  F  . 

^  r4*i 


I 


N 

f 


if>  Xj.  b«lonst  to  F^.  Non  clearly  belonift  to  F^;  hence 
Induction  establlBhes  the  result  that  X^  belongs  to  for 
all  r  ^  n,  and  therefore  X^  belongs  to  F^. 

The  proof  of  (9)  is  obvious.  Since  Is  nonnull,  there 

is  a  set  cf  belonging  to  P^  for  which  (7)  takes  on  a 

value  at  least  as  great  as  (since  an  element  of  P^  belongs 

to  F_  for  all  r).  From  (8),  then,  (7)  must  take  on  at  least 

*  t 

as  great  a  value  when  X^^  Is  substituted  for  the  Hence 

Xj^l  belongs  to  P^^^. 

To  prove  (8),  we  assume  that  X^  is  in  P^.  Construct 
from  X^  by  diverting  any  possible  excess  machine  time  from  the 
r— th  type  task  to  the  (r-^  l)~st  type  task  according  to  the 
algorithm.  It  is  easy  to  see  that  the  set  X^^j^  forms  a  basis 
for  the  linear  progranaing  problem  By  construction  there 

are  me-r  basic  variables  >  0  that  form  a  "path"  of  steps  to  the 
right  and  downward  through  the  (m  by  r-f  1)  matrix  of  in 

starting  at  Xj^^^  and  ending  at  (If  an  and  a 

Tj  are  exhausted  sisultaneously,  we  choose  J  *  ^ 

basis. ) 

Zmt  p^  and  be  the  dual  variables  associated  with  the 
ineqxislities  (3)  and  (6),  respectively.  Then  the  duality 
conditions  require  that 

1 . .  J  1 . *•)< 

m) . 


(n) 


•l.r.1  -  ^  i  O 


(l  ■  1,  ..., 
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IneqxiAlltles  (10)  and  (11)  can  be  combined  in  the  form 


(12)  a^jQj  -  ^  0  (1  -  1,  . . m;  J  -  1,  . . r+1), 


He  define  the  Qj'8  ^nd  Pj^’s  by  requiring  equality  for  the 
basic  variables  in  (12);  l.e.,  wr  require 

(13)  ^IJ^J  -  "  0  for  1,  J  corresponding  to  >  0. 

He  shall  show  ttiat  (12)  holds  also  for  every  nonbasic  variable 
such  as  X,  ,  ,  say;  l.e.,  we  shall  show  that 


(1^) 


Pi  /q^ 

--0^  >  1. 


Now  X.  ,  can  be  expressed  in  tenas  of  a  subset  of  the 
^0^0 

basic  variables,  say  x,  -  ,  x.  .  ,  x,  #  »  x,  x.  .  , 

"1^0  ^1^1  ^2*^1  ^2'^2 

where  this  set  combined  with  x,  -  forms  the  comers  of  a 
closed  loop  In  the  (^j^j)  matrix. 

To  siapliry  the  notation,  let 


(u,  v)  -  a 


Then  from  (13)  we  have 


(u,  u  -1)  -  p.  /q,  , 


u  “U— X 


(u,  u) 


Pi  /"j  ' 

U  *^0 


-  p,  q,  . 

"0  Jk 


(0,  k) 


♦  ^ 


-a-  ^ 


Ther«for«,  we  have 

(u,  u  -1)  /  (u,  u)  -  q.  /q, 

^u-1 

H«nce«  the  ratio  In  (1^)  can  be  written  as 


since  'jy  (3)  the  value  of  each  heavy  braclcet  group  Is  2 
Thus,  (12)  Is*  verified  for  every  and  la  an 

optimal  linear  prograasaing  solution  to  That  is,  (3)  holds 

for  each  r,  and  the  theorem  Is  proved. 
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